Abstract This paper describes an implementation of the fast multipole algorithm using the free-surface Green's function for ocean water waves. Its aim is to investigate different parameters of the fast multipole algorithm in order to efficiently carry out computations on sets of unknowns that are very inhomogeneously distributed in space. Some limits of the algorithm for this specific case are pointed out. Those limits are essentially due to slow convergence of the multipole expansion of the Green's function. Eventually, a simplified algorithm for this specific application is described. The performance of the different algorithms is evaluated based on the computational time they require.
Introduction
The origin of this study is the need for modeling large arrays of wave energy converters of point absorber type using boundary element methods (BEM). Point absorbers are floating bodies whose dimensions are small compared with the incident wavelength. The motions of these bodies in waves can be calculated by computing the fluid velocity potential on their surfaces. However, the solution of such problems on arrays of numerous bodies is so far a numerical bottleneck. Indeed, the surface of each point absorber is typically modeled by a few hundred flat panels. As the industrial field of wave energy is still in development, an array would be made of 10-50 wave energy converters. This leads to large numbers of panels, meaning that very large linear systems (involving full, nonsymmetric matrixes) have to be solved. For each wave period within the range of interest, several problems need to be solved considering the whole array: up to six radiation problems per body (one for each degree of freedom), and one diffraction problem per incident wave direction. To perform these many large simulations, acceleration methods are mandatory.
The fast multipole algorithm [1] appears to be a perfectly adapted solution for such study, as its working principle is to compute interactions between well-separated groups of particles (in the following, the term "particles" refers to the centers of the panels discretizing the wet surfaces of the floating bodies). The implementation of a fast B. Borgarino (B) · A. Babarit · P. Ferrant LMF, Ecole Centrale de Nantes, 1 rue de la Noë, Nantes CEDEX 03, France e-mail: bruno.borgarino@ec-nantes.fr multipole algorithm into an iterative solver permits the complexity of the solution to be diminished from O(N 2 panels ) to O(N panels ).
It is worth mentioning a method based on the idea of grouping the influence of the floating bodies (instead of grouping the particles) developed in [2] . In this reference, the interaction method described in [3] is applied to very large arrays of floating cylinders. A hierarchical method resembling the FMA is used to group the influence of several bodies close to each other, translate it, and distribute it to the target bodies. This method thus uses BEM for computing the hydrodynamic characteristics of a single body. In the present paper, however, the objective is to apply the BEM directly to the whole array, such computations needing to be accelerated by the FMA.
Regarded as one of the ten most important algorithms of the 20th century, the FMA has been widely used for study of gravitational, electrostatic, and electromagnetic interactions in many-particle systems, although applications in the hydrodynamics field remain marginal. In [4], Fochesato et al. used the FMA in a numerical wave tank to study the propagation of fully nonlinear waves over a complex bathymetry. This method meshes the boundaries of the problem and thus uses simple Rankin sources (with Green's function G = 1/r ). Other methods only mesh the wet surfaces of the floating bodies, using specific Green's functions respecting the boundary conditions on the free surface and on the seabed [5, 6] . These functions have to be expressed in the multipole expansion formulation to be used in the FMA.
For the constant depth case, the Green's function is described as series of terms containing the modified Bessel function of the second kind K 0 [5] . Using Graf's addition theorem, the multipole expansion has been derived by [7] . Combining a higher-order boundary element method (HOBEM) and a FMA using this expansion, the hydrodynamic responses of a very large floating structure (VLFS) have been investigated. In [8] , the results of the combination of the constant panel method (CPM) or the HOBEM and the FMA are compared with analytical solutions for a floating box and a floating cylinder. In [9] , the hydrodynamic interactions between three closely spaced ships have been studied. Recently, an expansion for the free-surface Green's function has been developed for the infinite water depth case [10] , and applied to the case of a VLFS. This formulation is appropriate for describing a wave farm, which would ideally be situated in large depth, to avoid energy losses in the incident waves due to bathymetry effects. In case of shallow water, it is still possible to consider a complex seabed, represented as an independent, nonmoving body. This paper describes an implementation of the fast multipole algorithm in Aquaplus, in-house diffraction/radiation software developed over 30 years at LMF [11] . The first step is the extension of Utsunomiya's formulations [10] to enable their use in a 3D fast multipole algorithm. Some convergence difficulties for the multipole expansion are then underlined. An open-source algorithm (DPMTA) using the previously developed formulations is then integrated into Aquaplus. Finally, a simplified version of the fast multipole algorithm, more suited to the specific problem of wave energy converter arrays, is presented. Performance in terms of computation time, accuracy, and memory needs is investigated.
Methods

The boundary element problem
The water is modeled as inviscid and incompressible. The fluid velocity is the gradient of a potential φ. The motion amplitude of the bodies compared with the wavelength and the wave steepness are supposed to be small. As a consequence, the free-surface condition (Eq. 3) can be expressed linearly. The water depth is supposed to be infinite. The corresponding boundary problem is the following (see [12] ): φ = 0 in the entire fluid domain,
(1) ∂φ ∂n = V i · n on the surface S i of body i,
∂ 2 φ ∂t 2 + g ∂φ ∂z = 0 on the free surface,
